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Abstract
Let H be an ultraspherical hypergroup associated to a locally
compact group G and let A(H) be the Fourier algebra of H. For
a left Banach A(H)-submodule X of V N(H), define QX to be the
norm closure of the linear span of the set {uf : u ∈ A(H), f ∈ X}
in BA(H)(A(H),X
∗)∗. We will show that BA(H)(A(H),X
∗) is a dual
Banach space with predual QX , we characterize QX in terms of ele-
ments in A(H) and X. Applications obtained on the multiplier alge-
bra M(A(H)) of the Fourier algebra A(H). In particular, we prove
that G is amenable if and only if M(A(H)) = Bλ(H), where Bλ(H)
is the reduced Fourier-Stieltjes algebra of H. Finally, we investigate
some characterizations for an ultraspherical hypergroup to be dis-
crete.
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1 Introduction
Let G be a locally compact group and let A(G) and B(G) be the Fourier
and Fourier-Stieltjes algebras of G introduced by Eymard [4]. LetM(A(G))
denote the multiplier algebra of A(G). Then we have the following inclusions
A(G) ⊆ B(G) ⊆M(A(G))
and ‖v‖A(G) = ‖v‖B(G) ≥ ‖v‖M for all v ∈ A(G). It is known that if G
is amenable, then B(G) = M(A(G)) isometrically. Moreover, it is known
from Losert [11] that G is amenable, or equivalently A(G) has a bounded
approximate identity, whenever the norms ‖·‖B(G) and ‖·‖M are equiva-
lent on A(G). As in the group case, the Fourier space A(H) of a locally
compact hypergroup H , plays an important role in the harmonic analy-
sis. A class of hypergroups, called tensor hypergroups, whose Fourier space
forms a Banach algebra under pointwise multiplication first appeared in
[2]. Another class, called ultraspherical hypergroups, was studied by Muru-
ganandam [15]. In this work, we study ultraspherical hypergroups through
multipliers of A(H), denoted M(A(H)).
Let A be a Banach algebra, and let X and Y be two right Banach
A-modules. Suppose that BA(X, Y ) is the Banach space of bounded right
A-module maps with the operator norm denoted by ‖·‖M . In recent years,
people have become interested in studying the properties of BA(X, Y ) for
various classes of Banach algebras A and right Banach A-modules X and
Y ; see for example [5, 6, 7, 13].
In this paper, for a left BanachA-submoduleX ofA∗ we study BA(A, X
∗)
as a dual Banach space, paying special attention to the Fourier algebra A(H)
of an ultraspherical hypergroup H associated to a locally compact group G.
In Section 2, for a left Banach A-submodule X of A∗, we show that
BA(A, X
∗) is a dual Banach space with predual QX , where QX denote
the norm closure of the linear span of the set {af : a ∈ A, f ∈ X} in
BA(A, X
∗)∗. We will obtain a characterization of QX .
In Section 3, we apply these results to Fourier algebra A(H) of an ul-
traspherical hypergroup H . For the case of X = C∗λ(H), we show that the
predual QC∗
λ
(H) of M(A(H)), the multiplier algebra of A(H), is equal to the
closure of L1(H) inM(A(H)) under the multiplier norm. We also prove that
G is amenable if and only if M(A(H)) = Bλ(H), where Bλ(H) is the re-
duced Fourier-Stieltjes algebra of H . In the case where A(H) is w∗-dense in
M(A(H)), we prove that G is amenable if and only if the norms ‖·‖A(H)and
‖·‖M are equivalent on A(H). For the case of X = Cδ(H), we study the
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predual of BA(H)(A(H), Cδ(H)
∗). These results generalize some results of
[13] to ultraspherical hypergroups.
In Section 4, we shall define and study UCB(Ĥ), called uniformly con-
tinuous functionals on A(H). We will focus in the relationship between
UCB(Ĥ) and other subspaces of V N(H). We extend various results of [9]
to the context of ultraspherical hypergroups. For example, we prove that H
is discrete if and only if UCB(Ĥ) = C∗λ(H).
2 The dual Banach space BA(A, X
∗)
Let A be a Banach algebra, and let X and Y be right and left Banach
A-modules, respectively. The A-module tensor product of X and Y is the
quotient space X⊗̂AY = (X⊗̂Y )/N , where
N = 〈x · a⊗ y − x⊗ a · y : x ∈ X, y ∈ Y, a ∈ A〉,
and 〈·〉 denotes the closed linear span. It was shown in [16] that
BA(X, Y
∗) ∼= N⊥ ∼= (X⊗̂AY )
∗.
Let X be a left Banach A-submodule of A∗. In this section we show that
BA(A, X
∗) is a dual Banach space and characterize its predual in terms of
elements in A and X. For every a ∈ A and f ∈ X, define the bounded
linear functional af on BA(A, X
∗) as follows:
〈af, T 〉 = 〈f, T (a)〉 (T ∈ BA(A, X
∗)).
Moreover, it is easy to see that ‖af‖M ≤ ‖a‖‖f‖X. Now, we denote the
linear span of the set {af : a ∈ A, f ∈ X} by AX and define QX to be the
norm closure of AX in BA(A, X
∗)∗.
Theorem 2.1. Let A be a Banach algebra and let X be a left Banach A-
submodule of A∗. Then BA(A, X
∗) = (QX)
∗.
Proof. Let J : A⊗̂X → QX be defined by J(
∞∑
i=1
ai ⊗ fi) =
∞∑
i=1
aifi. Then it
is clear that J is well defined and ‖J‖ ≤ 1. As B(A, X∗) = (A⊗̂X)∗, we
have the adjoint operator J∗ : (QX)
∗ → B(A, X∗) with ‖J∗‖ ≤ 1. Now, for
each T ∈ (QX)
∗, we show that J∗(T ) ∈ BA(A, X
∗). Let a, b ∈ A and f ∈ X
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. Then
〈J∗(T )(ab), f〉 = 〈J∗(T ), (ab)⊗ f〉 = 〈T, (ab)f〉
= 〈T, a(bf)〉 = 〈T, J(a⊗ (bf))〉
= 〈J∗(T ), a⊗ (bf)〉 = 〈J∗(T )(a), bf〉
= 〈J∗(T )(a) · b, f〉.
Therefore, J∗(T )(ab) = J∗(T )(a)·b for all a, b ∈ A.Thus, J∗(T ) ∈ BA(A, X
∗).
Let T ∈ BA(A, X
∗). Then the restriction of T to QX is in (QX)
∗ and we
have
〈J∗(T ),
∞∑
i=1
ai ⊗ fi〉 = 〈T,
∞∑
i=1
aifi〉 =
∞∑
i=1
〈T, aifi〉
=
∞∑
i=1
〈T (ai), fi〉 = 〈T,
∞∑
i=1
ai ⊗ fi〉,
for all
∞∑
i=1
ai ⊗ fi ∈ A⊗̂X. It follows that J
∗(T ) = T and J∗ is surjective.
Since J(A⊗̂X) is dense in QX , by [12, Theorem 3.1.17] J
∗ is injective.
Therefore, J∗ is a surjective isometry.
Theorem 2.2. Let A be a Banach algebra and let X be a left Banach A-
submodule of A∗. Suppose that f ∈ BA(A, X
∗). Then f ∈ QX if and only
if there are sequences (ai) ⊆ A and (fi) ⊆ X with
∑∞
i=1 ‖ai‖‖fi‖ <∞ such
that f =
∑∞
i=1 aifi and
‖f‖M = inf
{
∞∑
i=1
‖ai‖‖fi‖ : f =
∞∑
i=1
aifi,
∞∑
i=1
‖ai‖‖fi‖ <∞
}
.
Proof. By definition, each element of the form
∑∞
i=1 aifi, as in the proof of
Theorem 2.1, lies in QX .
For the converse, let I : A⊗̂AX → QX be defined by
I(
∞∑
i=1
ai ⊗ fi +N) =
∞∑
i=1
aifi.
Then it is routine to check that I is well defined and ‖I‖ ≤ 1. In fact, if∑∞
i=1 ai ⊗ fi ∈ N , then for each T ∈ BA(A, X
∗), we have
〈
∞∑
i=1
aifi, T 〉 =
∞∑
i=1
〈T (ai), fi〉 = 〈
∞∑
i=1
ai ⊗ fi, T 〉 = 0.
Hence, I is well defined by duality.
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We know from Theorem 2.1 that (A⊗̂AX)
∗ = BA(A, X
∗) = (QX)
∗. It
follows that I∗ : (QX)
∗ → (A⊗̂AX)
∗ is bijective. Hence, I is surjective by
[12, Theorem 3.1.22]. This proves first part of the theorem.
For the second part, let f ∈ QX and ǫ > 0 be given. Then by first part of
theorem, there are sequences (ai) ⊆ A and (fi) ⊆ X such that f =
∑∞
i=1 aifi
with
∑∞
i=1 ‖ai‖‖fi‖ <∞. Let ξ =
∑∞
i=1 ai⊗fi+N . Then 〈T, f〉 = 〈T, ξ〉 for
all T ∈ BA(A, X
∗), which implies that ‖f‖M = ‖ξ‖. Now, as a consequence
of the definition of quotient norm, there exist sequences (bi) ⊆ A and (hi) ⊆
X such that
∑∞
i=1 ‖bi‖‖hi‖ < ‖f‖M + ǫ and ξ =
∑∞
i=1 bi ⊗ hi + N. Hence,
f =
∑∞
i=1 bihi on BA(A, X
∗), as required. This completes the proof.
Suppose that X is a left Banach A-module. Then X∗ is a right Banach
A-module with the following module action
〈m · a, f〉 = 〈m, a · f〉 (m ∈ X∗, f ∈ X, a ∈ A).
By the above notions it is not hard to see that, if X is a left Banach A-
submodule of A∗, then the map
ι : X∗ → BA(A, X
∗), m 7→ mL
is a contractive linear map, where mL is given by mL(a) = m · a for all
a ∈ A and ‖mL‖M ≤ ‖m‖X . Thus, we can assume that X
∗ ⊆ BA(A, X
∗).
Moreover, the adjoint map ι∗ : BA(A, X
∗)∗ → X∗∗ is simply the restriction
map, say R and for every a ∈ A, f ∈ X and m ∈ X∗ we have
〈R(af), m〉 = 〈af,mL〉 = 〈f,mL(a)〉 = 〈f,m · a〉 = 〈a · f,m〉,
which implies that R(QX) ⊆ X.
Proposition 2.3. Let A be a Banach algebra and let X be a left Banach
A-submodule of A∗. Then R : QX → X is surjective if and only if the norms
‖ · ‖X and ‖ · ‖M are equivalent on X
∗.
Proof. Let R be surjective. Then R∗ : X∗ → (QX)
∗ is injective and R∗(X∗)
is closed in (QX)
∗ by [12, Theorem 3.1.22]. Since ‖·‖M ≤ ‖·‖X on X
∗, the
Open Mapping theorem shows that the norms ‖·‖M and ‖·‖X are equivalent
on X∗.
Conversely, let the norms ‖·‖M and ‖·‖X are equivalent on X
∗. Then R∗
is injective and R∗(X∗) is closed in (QX)
∗. It follows from [12, Theorem
3.1.17] and [12, Theorem 3.1.21] that R is surjective.
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For every a ∈ A we can regard a as a functional on X. It follows that
the map
ι : A → BA(A, X
∗), a 7→ aL
is a contractive linear map, where aL is given by aL(b) = ab for all b ∈ A
and ‖aL‖M ≤ ‖a‖X ≤ ‖a‖A. This implies that A ⊆ BA(A, X
∗).
Define Q˜X to be the range of the linear map Γ : A⊗̂X → A
∗ defined
by Γ(a ⊗ f) = a · f . Then Q˜X is a Banach space when equipped with
the quotient norm from A⊗̂X. Moreover, f ∈ Q˜X if and only if there are
sequences (ai) ⊆ A and (fi) ⊆ X with
∑∞
i=1 ‖ai‖‖fi‖ < ∞ such that
f =
∑∞
i=1 ai · fi.
Theorem 2.4. Let A be a Banach algebra and let X be a left Banach A-
submodule of A∗. Then A is w∗-dense in BA(A, X
∗) if and only if Q˜X is
isometrically isomorphic to QX .
Proof. Let A be w∗-dense in BA(A, X
∗). Then it follows from [12, Proposi-
tion 2.6.6] that the annihilator (⊥A)⊥ of ⊥A in BA(A, X
∗) can be identified
with BA(A, X
∗) = (QX)
∗, where
⊥A = {f ∈ QX : 〈aL, f〉 = 0 for each a ∈ A}.
Hence, A separates the points of QX . Now, define Λ : QX → Q˜X by
Λ(
∞∑
i=1
aifi) =
∞∑
i=1
ai · fi.
If a ∈ A is arbitrary, then for each sequences (ai) ⊆ A and (fi) ⊆ X with∑∞
i=1 ‖ai‖‖fi‖ <∞, we have
〈aL,
∞∑
i=1
aifi〉 =
∞∑
i=1
〈aai, fi〉 =
∞∑
i=1
〈a, ai · fi〉 = 〈a,
∞∑
i=1
ai · fi〉.
From this and the fact that A separates the points of QX , we get that Λ is
an isomorphism. Also, by Theorem 2.2 it is an isometry.
Conversely, let Q˜X be isometrically isomorphic to QX . Then A separates
the points of QX , which implies that (
⊥A)⊥ = BA(A, X
∗). Again by [12,
Proposition 2.6.6], A is w∗-dense in BA(A, X
∗).
3 The multiplier algebra M(A(H)) and amenabil-
ity
A bounded linear operator on commutative Banach algebra A is called
a multiplier if it satisfies aT (b) = T (ab) for all a, b ∈ A. We denote by
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M(A) the space of all multipliers for A. ClearlyM(A) is a Banach algebra
as a subalgebra of B(A) and M(A) = BA(A). For the general theory of
multipliers we refer to Larsen [8]. It is known that for a semisimple com-
mutative Banach algebra A every T ∈ M(A) can be identified uniquely
with a bounded continuous function T̂ on ∆(A), the maximal ideal space
of A. Moreover, if we denote by M(A) the normed algebra of all bounded
continuous functions ϕ on ∆(A) such that ϕÂ ⊆ Â, then M(A) = M̂(A);
see [8, Corollary 1.2.1].
Let H be an ultraspherical hypergroup associated to a locally compact
group G and a spherical projector π : Cc(G)→ Cc(G) which was introduced
and studied in [15]. Let A(H) denote the Fourier algebra corresponding
to the hypergroup H . A left Haar measure on H is given by
∫
H
f(x˙)dx˙ =∫
G
f(p(x))dx, f ∈ Cc(H), where p : G→ H is the quotient map. The Fourier
space A(H) is an algebra and is isometrically isomorphic to the subalgebra
Api(G) = {u ∈ A(G) : π(u) = u} of A(G) [15, Theorem 3.10]. Recall that the
character space ∆(A(H)) of A(H) can be canonically identified with H . The
Fourier algebra A(H) is semisimple, regular and Tauberian [15, Theorem
3.13]. As in the group case, let λ also denote the left regular representation
of H on L2(H) given by
λ(x˙)(f)(y˙) = f(ˇ˙x ∗ y˙) (x˙, y˙ ∈ H, f ∈ L2(H))
This can be extended to L1(H) by λ(f)(g) = f ∗ g for all f ∈ L1(H) and
g ∈ L2(H). Let C∗λ(H) denote the completion of λ(L
1(H)) in B(L2(H))
which is called the reduced C∗-algebra of H . The von Neumann algebra
generated by {λ(x˙) : x˙ ∈ H} is called the von Neumann algebra of H , and
is denoted by V N(H). Note that V N(H) is isometrically isomorphic to the
dual of A(H). Moreover, A(H) can be considered as an ideal of Bλ(H),
where Bλ(H) is the dual of C
∗
λ(H).
Remark 3.1. As A(H) is an ideal in Bλ(H), there is a canonical Bλ(H)-
bimodule structure on V N(H). In particular, for f ∈ L1(H) and φ ∈ Bλ(H),
we obtain
〈φ · λ(f), v〉 = 〈λ(f), φv〉 =
∫
f(x˙)φ(x˙)v(x˙)dx˙ = 〈λ(φf), v〉
for all v ∈ A(H). This shows that φ · λ(f) = λ(φf) ∈ λ(L1(H)). Since
λ(L1(H)) is norm dense in C∗λ(H), we conclude that C
∗
λ(H) is a Bλ(H)-
bimodule.
Theorem 3.2. Let H ba an ultraspherical hypergroup. Then
M(A(H)) = BA(H)(A(H), C
∗
λ(H)
∗).
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Proof. Since A(H) is commutative and semisimple, it suffices to show that
M(A(H)) = BA(H)(A(H), Bλ(H)). To prove this, first note thatM(A(H)) ⊆
BA(H)(A(H), Bλ(H)). Conversely, assume that u ∈ A(H) has compact sup-
port. By regularity of A(H), there exists v ∈ A(H) such that v(x) = 1 for
x ∈ supp(u). Thus, for each T ∈ BA(H)(A(H), Bλ(H)), we have
T (u) = T (vu) = vT (u).
Since A(H) is an ideal in Bλ(H), we conclude that T (u) ∈ A(H). Moreover,
since the set of compactly supported elements in A(H) is dense in A(H), a
simple approximation argument shows that T (u) ∈ A(H) for all u ∈ A(H).
Therefore, T ∈M(A(H)) as required.
Let H ba an ultraspherical hypergroup and let f ∈ L1(H). Define a
linear functional on M(A(H)) by
〈f, φ〉 =
∫
f(x˙)φ(x˙)dx˙ (φ ∈M(A(H))).
Moreover, |〈f, φ〉| ≤ ‖f‖1‖φ‖∞ ≤ ‖f‖1‖φ‖M for all φ ∈ M(A(H)). There-
fore, f is in M(A(H))∗ and
‖f‖M = sup {|〈f, φ〉| : φ ∈M(A(H)), ‖φ‖M ≤ 1} ≤ ‖f‖1.
Put
Q(H) := L1(H)
‖.‖M
⊆M(A(H))∗.
Next we prove thatM(A(H)) is a dual Banach space for any ultraspher-
ical hypergroup H .
Theorem 3.3. Let H ba an ultraspherical hypergroup. Then QC∗
λ
(H) =
Q(H) and so M(A(H)) = Q(H)∗.
Proof. Suppose that f ∈ Cc(H). Using the regularity of A(H), there ex-
ists u ∈ A(H) such that u|supp(f) ≡ 1. Thus, f = uf is in QC∗
λ
(H) and
〈uf, φ〉 = 〈f, φ〉 =
∫
H
f(x˙)φ(x˙)dx˙ for all φ ∈ M(A(H)). Therefore, there is
an isometry between the dense subspace of QC∗
λ
(H) and a dense subspace
of (L1(H), ‖·‖M). This shows that QC∗
λ
(H) is the completion of L
1(H) with
respect to the norm ‖·‖M .
Theorem 3.4. Let H be an ultraspherical hypergroup on locally compact
group G. Then G is amenable if and only if Bλ(H) = M(A(H)).
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Proof. Suppose that G is amenable. Then Bλ(H) = M(A(H)) by [15, The-
orem 4.2]. Conversely, assume that Bλ(H) = M(A(H)). Then the constant
function 1 belongs to Bλ(H). Since A(H) is dense in Bλ(H) with respect to
the σ(Bλ(H), C
∗
λ(H))-topology, there exists a net (uα) in A(H) such that
uα → 1 in the σ(Bλ(H), C
∗
λ(H))-topology and c = supα ‖uα‖A(H) < ∞.
Choose f in Cc(H) with f ≥ 0 and ‖f‖1 = 1. For each α, define u
′
α = f ∗uα.
Notice first that (u′α) ⊆ A(H) and
‖u′α‖A(H) ≤ ‖f‖1‖uα‖A(H) ≤ c
for all α. In fact, for each g ∈ L1(H) with ‖λ(g)‖C∗
λ
(H) ≤ 1, we have
|〈f ∗ uα, λ(g)〉| = |
∫
H
∫
H
f(y˙)uα(ˇ˙y ∗ x˙)g(x˙)dy˙dx˙|
= |
∫
H
f(y˙)〈y˙uα, g〉dy˙|
≤
∫
H
|f(y˙)|‖y˙uα‖A(H)dy˙
≤ ‖f‖1‖uα‖A(H) ≤ c.
Let K ⊆ H be compact. Then the set {λ(ˇ˙xf) : x˙ ∈ K} form a compact
subset of C∗λ(H), where the function ˇ˙xf on H is defined by ˇ˙xf(y˙) = f(x˙ ∗ y˙)
for all y˙ ∈ H . Since uα → 1 in the σ(Bλ(H), C
∗
λ(H))-topology and the net
(uα) is bounded in Bλ(H), the convergence is uniform on compact subsets
of C∗λ(H). Hence,
u′α(x˙) = 〈uˇα, λ(ˇ˙xf)〉 → 〈1, λ(ˇ˙xf)〉 =
∫
H
ˇ˙xf(y˙)dy˙ = 1
uniformly on K, where uˇα(x˙) = uα(ˇ˙x) for all x˙ ∈ H , and noticing that
uˇα ∈ Bλ(H) by [14, Remark 2.9]. Again choose f in Cc(H) with f ≥ 0 and
‖f‖1 = 1 and put wα = f ∗ u
′
α for all α. Then ‖wα‖A(H) ≤ c. Assume that
u ∈ A(H) ∩ Cc(H). Next, we show that ‖wαu − u‖A(H) → 0. In fact, if we
put K = supp(f)ˇ∗ supp(u), then for each x˙ ∈ supp(u) we have
wα(x˙) =
∫
H
f(y˙)u′α(ˇ˙y ∗ x˙)dy˙
=
∫
H
f(y˙)(1Ku
′
α)(ˇ˙y ∗ x˙)dy˙
= (f ∗ (1Ku
′
α))(x˙).
Hence, uwα = u(f ∗ (1Ku
′
α)), where 1K denote the characteristic function
of K. Similarly, u = u(f ∗ 1K). Since ‖1Ku
′
α − 1K‖2 → 0, it follows that
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‖uwα−u‖A(H) → 0. Finally, since the net (wα) is bounded and A(H)∩Cc(H)
is dense in A(H), a straightforward approximation argument shows that
‖uwα− u‖A(H) → 0 for all u in A(H). Thus, G is amenable by [1, Theorem
4.4].
Corollary 3.5. Let H be an ultraspherical hypergroup on locally compact
group G. Then the following hold.
(i) Let f ∈ M(A(H))∗. Then f ∈ Q(H) if and only if there exist se-
quences (ui) ⊆ A(H) and (fi) ⊆ C
∗
λ(H) with
∑∞
i=1‖ui‖A(H)‖fi‖C∗λ(H) < ∞
such that f =
∑∞
i=1 uifi and
‖f‖M = inf
{
∞∑
i=1
‖ui‖A(H)‖fi‖C∗
λ
(H) : f =
∞∑
i=1
uifi,
∞∑
i=1
‖ui‖A(H)‖fi‖C∗
λ
(H) <∞
}
.
(ii) G is amenable if and only if for any f ∈ C∗λ(H) and ǫ > 0 there
exist sequences (ui) ⊆ A(H) and (fi) ⊆ C
∗
λ(H) such that f =
∑∞
i=1 uifi on
Bλ(H) with
∞∑
i=1
‖ui‖A(H)‖fi‖C∗
λ
(H) < ‖f‖C∗
λ
(H) + ǫ.
Proof. (i). It is an immediate consequence of Theorem 2.2.
(ii). It follows from (i) that the condition of (ii) is equivalent to C∗λ(H) =
Q(H) (equivalently, Bλ(H) = M(A(H))). However this is equivalent to G
being amenable by Lemma 3.4.
Proposition 3.6. Let H be an ultraspherical hypergroup and let X be a
Banach A(H)-submodule of V N(H) with C∗λ(H) ⊆ X. Then Bλ(H) is a
subalgebra of BA(H)(A(H), X
∗) such that ‖φ‖M ≤ ‖φ‖Bλ(H) for all φ ∈
Bλ(H).
Proof. Let u ∈ A(H) and φ ∈ Bλ(H). Then φu ∈ A(H) ⊆ V N(H)
∗. Thus
φu ∈ X∗. From this and the fact that C∗λ(H) ⊆ X, we get that
‖φu‖A(H) = ‖φu‖C∗
λ
(H) ≤ ‖φu‖X ≤ ‖φ‖C∗
λ
(H)‖u‖A(H).
Consequently, ‖φ‖M ≤ ‖φ‖Bλ(H).
Let H be an ultraspherical hypergroup. We say that H has the ap-
proximation property if there is a net (uα) ⊆ A(H) such that uα
w∗
→ 1 in
M(A(H)), i.e. in σ(M(A(H)), Q(H))-topology.
For an ultraspherical hypergroup H , we put
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A(H)
w∗
:= the w∗-closure of A(H) in M(A(H)).
Proposition 3.7. Let H be an ultraspherical hypergroup. Then A(H) is
w∗-dense in M(A(H)) if and only if H has the approximation property.
Proof. We know that 1 ∈ M(A(H)). Therefore, if A(H) is w∗-dense in
M(A(H)), then 1 ∈ A(H)
w∗
. Hence H has the approximation property. For
the converse, assume that H has the approximation property. Since L1(H)
is dense in Q(H), a simple approximation argument shows that φf ∈ Q(H)
for all φ ∈M(A(H)) and f ∈ Q(H). Now, if there exists a net (uα) ⊆ A(H)
such that uα
w∗
−→ 1 in M(A(H)), then for each φ ∈M(A(H)), we have
〈uαφ, f〉 = 〈uα, φf〉 → 〈1, φf〉 = 〈φf〉 (f ∈ Q(H)).
Consequently, φ is w∗-limit of the net (uαφ) ⊆ A(H). Hence, A(H)
w∗
=
M(A(H)), as required.
In what follows, for an ultraspherical hypergroup H , we put
QL(H) := the Banach space of the restriction of elements in Q(H) to
A(H)
w∗
.
Proposition 3.8. Let H be an ultraspherical hypergroup. Then the following
hold.
(i) A(H)
w∗
is an ideal of M(A(H)).
(ii) A(H)
w∗
= QL(H)∗.
Moreover, QL(H) is isometrically isomorphic to the completion of L1(G)
with respect to the norm
‖f‖L = sup
{∣∣∣∣∫
H
f(x˙)φ(x˙)dx˙
∣∣∣∣ : φ ∈ A(H)w∗ , ‖φ‖M ≤ 1} .
Proof. (i). If φ ∈M(A(H)) and ψ ∈ A(H)
w∗
, then there exists a net (uα) ⊆
A(H) such that uα
w∗
−→ ψ. By the same argument as used in the proof of
Proposition 3.7 and using the fact that (uαφ) ⊆ A(H), it is straightforward
to conclude that φψ ∈ A(H)
w∗
. Hence, A(H)
w∗
is an ideal of M(A(H)).
(ii). As an immediate consequence of the Hahn-Banach theorem the
identity map I : A(H)
w∗
→ QL(H)∗ is an isometry. Let ψ ∈ QL(H)∗
with ‖ψ‖ = 1. Since QL(H) is a subspace of (A(H)
w∗
)∗, we extend ψ to a
linear functional φ on (A(H)
w∗
)∗ with ‖φ‖ = 1. By the Goldstine’s theo-
rem, there is a net (uα) in unit ball of A(H)
w∗
such that uα → φ in the
σ((A(H)
w∗
)∗∗, (A(H)
w∗
)∗)-topology. In particular, 〈uα, f〉 → 〈φ, f〉 = 〈ψ, f〉
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for all f ∈ Q(H). Consequently, ψ ∈ A(H)
w∗
and so I is onto. Hence,
A(H)
w∗
is isometrically isomorphic to QL(H)∗. Repeating the arguments
in the proof of Theorem 3.3, it is straightforward to prove the last state-
ment.
Proposition 3.9. Let H be an ultraspherical hypergroup on locally compact
group G. Then the following hold.
(i) A(H) is w∗-dense in M(A(H)) if and only if the restriction map
R : Q(H)→ C∗λ(H) is injective.
(ii) The norms ‖·‖A(H) and ‖·‖M are equivalent on A(H) if and only if
the restriction map R : Q(H)→ C∗λ(H) is surjective.
(iii) If A(H) is w∗-dense in M(A(H)), then G is amenable if and only
if the norms ‖·‖A(H)and ‖·‖M are equivalent on A(H).
Proof. (i). Let A(H) be w∗-dense inM(A(H)). If f ∈ Q(H) with R(f) = 0,
then we have 〈f, u〉 = 〈R(f), u〉 = 0 for all u ∈ A(H). Hence, a simple
approximation argument gives that 〈R(f), φ〉 = 0 for all φ ∈ M(A(H)).
Therefore, R is injective. Conversely, if R is injective, then Bλ(H) is w
∗-
dense in M(A(H)) by [12, Theorem 3.1.17]. By an argument used in the
proof of Proposition 3.8, we conclude that the identity map I : A(H)
w∗
→
C∗λ(H)
∗ is surjective. It follows that A(H)
w∗
= Bλ(H)
w∗
. Hence, A(H) is
w∗-dense in M(A(H)).
(ii). Let ‖·‖A(H) and ‖·‖M be equivalent on A(H). We first show that
the norm on Bλ(H) is equivalent to the multiplier norm. Let i : A(H) →
M(A(H)) be the inclusion map. Then i is bounded and has ‖·‖M -closed
range. It follows from [12, Theorem 3.1.21] that i∗(M(A(H))∗) is w∗-closed
in A(H)∗. Again, by [12, Theorem 3.1.21], i∗∗(A(H)∗∗) is norm-closed in
M(A(H))∗∗. From this and the fact that Bλ(H) is norm-closed in A(H)
∗∗,
we conclude that the ‖·‖Bλ(H)-norm and the multiplier norm are equivalent
on Bλ(H). Therefore, R is surjective by Proposition 2.3.
Conversely, suppose that R is surjective. Then it follows from Proposition
2.3 that the norms ‖·‖Bλ(H) and ‖·‖M are equivalent on Bλ(H) and hence
on A(H).
(iii). Suppose first that G is amenable. Then A(H) has a bounded ap-
proximate identity by [1, Theorem 4.4]. It follows easily that the norms
‖·‖A(H) and ‖·‖M are equivalent on A(H). Conversely, assume that the
norms ‖·‖A(H) and ‖·‖M are equivalent on A(H). If A(H) is w
∗-dense in
M(A(H)), then by (i) and (ii) the restriction map is bijective. It follows
that Q(H) is isometrically isomorphic to C∗λ(H), which implies that 1 ∈
M(A(H)) = Bλ(H). Therefore, G is amenable by Theorem 3.4.
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Remark 3.10. Identifying ℓ1(H) with the subspace λ(ℓ1(H)) of V N(H), we
denote the norm closure of ℓ1(H) in V N(H) by Cδ(H). Let f =
∑
αiλ(x˙i) ∈
ℓ1(H) and u ∈ A(H). Then
u · f =
∑
αiu(x˙i)λ(x˙i) ∈ Cδ(H),
and ‖u · f‖Cδ(H) ≤ ‖u‖∞‖f‖Cδ(H) ≤ ‖u‖A(H)‖f‖Cδ(H). Hence, Cδ(H) is a
Banach A(H)-submodule of V N(H). Also, note that Cδ(H)
∗ ⊆ ℓ∞(H).
Proposition 3.11. Let H be an ultraspherical hypergroup on locally com-
pact group G. Then the following hold.
(i) BA(H)(A(H), Cδ(H)
∗) consists of functions φ ∈ ℓ∞(H) such that the
pointwise multiplication map Tφ : A(H) → Cδ(H)
∗, u 7→ φu is a bounded
operator.
(ii) QCδ(H) is equal to the completion of ℓ
1(H) with respect to the norm
‖f‖M = sup
{∣∣∣∑ f(x˙)φ(x˙)∣∣∣ : φ ∈ BA(H)(A(H), Cδ(H)∗), ‖φ‖ ≤ 1} .
Furthermore, M(A(H)) ⊆ BA(H)(A(H), Cδ(H)
∗), and the corresponding in-
clusion map is contractive.
Proof. (i). Let φ ∈ ℓ∞(H) be such that Tφ : A(H)→ Cδ(H)
∗ is a bounded
linear operator. Then since
Tφ(uv) = φuv = uTφ(v) (u, v ∈ A(H)),
it follows that Tφ ∈ BA(H)(A(H), Cδ(H)
∗). For the reverse inclusion, let
φ ∈ BA(H)(A(H), Cδ(H)
∗). Define φ˜ : H → C by φ˜(x˙) = 〈φ(u), λ(x˙)〉, where
u denotes a function in A(H)∩Cc(H) with u(x˙) = 1. Then it is well defined.
In fact, if v is another function in A(H) ∩ Cc(H) such that v(x˙) = 1, then
we put K = supp(u) ∪ supp(v) and choose w ∈ A(H) ∩ Cc(H) such that
w|K ≡ 1. Then
〈φ(u), λ(x˙)〉 = 〈φ(uw), λ(x˙)〉 = u(x˙)〈φ(w), λ(x˙)〉
= v(x˙)〈φ(w), λ(x˙)〉 = 〈φ(vw), λ(x˙)〉
= 〈φ(v), λ(x˙)〉.
Observe next that if u ∈ A(H), x˙ ∈ H and v ∈ A(H)∩Cc(H) with v(x˙) = 1,
then
〈φ(u), λ(x˙)〉 = v(x˙)〈φ(u), λ(x˙)〉 = 〈φ(uv), λ(x˙)〉
= u(x˙)〈φ(v), λ(x˙)〉 = u(x˙)φ˜(x˙).
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This shows that φ = Tφ˜.
(ii). Since Cδ(H) is a Banach A(H)-submodule of V N(H), it follows
from Theorem 2.1 that
BA(H)(A(H), Cδ(H)
∗) = Q∗Cδ(H).
Let f ∈ ℓ1(H) be with finite support. Then f = uf ∈ QCδ(H), where
u ∈ A(H) with u|supp(f) ≡ 1. Consequently,
〈φ, f〉 = 〈φ, uf〉 = 〈φ(u), f〉 =
∑
φ(x˙)f(x˙),
for all φ ∈ BA(H)(A(H), Cδ(H)
∗). Hence, there is an isometry between the
dense subspace of ℓ1(H)
‖·‖M
and a dense subspace of QCδ(H). Therefore,
QCδ(H) = ℓ
1(H)
‖·‖M
.
Since A(H) ⊆ Cδ(H)
∗ and A(H) is an ideal in M(A(H)), it follows
that φu ∈ Cδ(H)
∗ for all φ ∈ M(A(H)) and u ∈ A(H). This implies that
M(A(H)) ⊆ BA(H)(A(H), Cδ(H)
∗). Furthermore,
‖φu‖Cδ(H) ≤ ‖φu‖A(H) ≤ ‖φ‖M‖u‖A(H).
Hence, the inclusion map is contractive.
4 Introverted subspaces of V N(H) and discrete-
ness
LetH be an ultraspherical hypergroup associated to a locally compact group
G. The Arens product on V N(H)∗ is defined as following three steps. For
u, v in A(H), T in V N(H) and m,n ∈ V N(H)∗, we define u · T , m · T ∈
V N(H) and m⊙ n ∈ V N(H)∗ as follows:
〈u · T, v〉 = 〈T, uv〉, 〈m · T, u〉 = 〈m, u · T 〉, 〈m⊙ n, T 〉 = 〈m,n · T 〉.
A linear subspace X of V N(H) is called topologically invariant if u ·X ⊆ X
for all u ∈ A(H). The topologically invariant subspace X of V N(H) is
called topologically introverted if m · T ∈ X for all m ∈ X∗ and T ∈ X.
In this case, X∗ is a Banach algebra with the multiplication induced by the
Arens product ⊙ inherited from V N(H)∗. Let W (Ĥ) be the set of all T
in V N(H) such that the map u 7→ u · T of A(H) into V N(H) is weakly
compact. Let UCB(Ĥ) denote the closed linear span of
{u · T : u ∈ A(H), T ∈ V N(H)}.
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The elements in UCB(Ĥ) are called uniformly continuous functionals on
A(H). We also recall that, subspaces W (Ĥ) and UCB(Ĥ) of V N(H) are
both topologically introverted.
Proposition 4.1. Let H be an ultraspherical hypergroup. Then C∗λ(H) ⊆
W (Ĥ).
Proof. It suffices to prove that if f ∈ L1(H), then λ(f) ∈ W (Ĥ). Let
f ∈ L1(H) be fixed. Then by Remark 3.1, for each φ ∈ Bλ(H), we have
φ · λ(f) = λ(φf). Consider the map φ 7→ λ(φf) from Bλ(H) into V N(H).
This map is continuous when Bλ(H) has the σ(Bλ(H), C
∗
λ(H))-topology and
V N(H) has the weak topology. Indeed, let Ψ ∈ V N(H)∗ and (φα) ⊆ Bλ(H)
be a net such that 〈φα, T 〉 → 〈φ, T 〉 for all T ∈ C
∗
λ(H). Then the restriction
of Ψ to C∗λ(H) is in C
∗
λ(H)
∗ = Bλ(H). Thus, there exists ψ ∈ Bλ(H) such
that
〈Ψ, λ(h)〉 = 〈ψ, λ(h)〉 =
∫
h(x˙)ψ(x˙)dx˙ (h ∈ L1(H)).
Hence,
〈Ψ, λ(φαf)〉 = 〈ψ, λ(φαf)〉 =
∫
φα(x˙)f(x˙)ψ(x˙)dx˙
= 〈φα, λ(ψf)〉 → 〈φ, λ(ψf)〉
= 〈ψ, λ(φf)〉 = 〈Ψ, λ(φf)〉.
It follows that the set {φ ·λ(f) : φ ∈ Bλ(H), ‖φ‖ ≤ 1} is relatively compact
in the weak topology of V N(H). The rest of the proof follows from the fact
that A(H) ⊆ Bλ(H).
Proposition 4.2. Let H be an ultraspherical hypergroup. Then C∗λ(H) ⊆
UCB(Ĥ).
Proof. Let f ∈ Cc(H). By regularity of A(H), there exists u ∈ A(H) such
that u|supp(f) ≡ 1. Therefore,
〈u · λ(f), v〉 = 〈λ(f), uv〉 =
∫
f(x˙)u(x˙)v(x˙)dx˙
=
∫
f(x˙)v(x˙)dt
= 〈λ(f), v〉
for all v ∈ A(H). This implies that u ·λ(f) = λ(f). Hence, λ(f) ∈ UCB(Ĥ).
Consequently, C∗λ(H) ⊆ UCB(Ĥ) by the density of Cc(H) in C
∗
λ(H).
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Let X be a closed topologically invariant subspace of V N(H) containing
λ(e˙). Then m ∈ X∗ is called a topologically invariant mean on X if:
(i) ‖m‖ = 〈m, λ(e˙)〉 = 1;
(ii) 〈m, u · T 〉 = u(e˙)〈m, T 〉 for all T ∈ X and u ∈ A(H).
We denote by TIM(X) the set of all topologically invariant means on X.
We also recall from Remark 3.1 that the space C∗λ(H) is an A(H)-submodule
of V N(H). The following proposition is a consequence of [3, Proposition
5.7] and [10, Proposition 6.3] and the fact that A(H) is a commutative
F -algebra.
Proposition 4.3. Let H be an ultraspherical hypergroup. Then the following
hold.
(i) The space C∗λ(H) is a topologically introverted subspace of V N(H).
(ii) W (Ĥ) admits a unique topologically invariant mean.
Corollary 4.4. Let H be an ultraspherical hypergroup. Then H is discrete
if and only if λ(e˙) ∈ C∗λ(H).
Proof. If H is discrete, then ℓ1(H) = L1(H). Therefore, λ(e˙) ∈ C∗λ(H). Con-
versely, assume that λ(e˙) ∈ C∗λ(H), and m denote the unique topologically
invariant mean on W (Ĥ). Then 〈m, λ(e˙)〉 = 1. It follows that H must be
discrete by [17, Theorem 4.4(iv)].
Lemma 4.5. Let H be an ultraspherical hypergroup and let R : V N(H)∗ →
UCB(Ĥ)∗ be the restriction map. Then R : TIM(V N(H))→ TIM(UCB(Ĥ))
is a bijection.
Proof. If m1, m2 ∈ TIM(V N(H)) with m1 6= m2, then there exists T ∈
V N(H) such that 〈m1, T 〉 6= 〈m2, T 〉. Given u ∈ A(H) with u(e˙) = 1, we
have
〈m1, u · T 〉 = 〈m1, T 〉 6= 〈m2, T 〉 = 〈m2, u · T 〉.
This implies that R(m1) 6= R(m2), and hence R is injective.
Suppose that m˜ ∈ TIM(UCB(Ĥ)). Choose u ∈ A(H) with ‖u‖A(H) =
u(e˙) = 1; see [17, Proposition 3.4]. Define m on V N(H)∗ by
〈m, T 〉 = 〈m˜, u · T 〉 (T ∈ V N(H)).
Since ‖u‖A(H) = 1, it follows that ‖m‖ ≤ 1. Moreover,
〈m, λ(e˙)〉 = 〈m˜, u · λ(e˙)〉 = u(e˙)〈m˜, λ(e˙)〉 = 〈m˜, λ(e˙)〉 = 1.
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Therefore, ‖m‖ = 1. Furthermore, for each v ∈ A(H) and T ∈ V N(H), we
have
〈m, v · T 〉 = 〈m˜, u · (v · T )〉 = 〈m˜, v · (u · T )〉
= v(e˙)〈m˜, u · T 〉 = v(e˙)〈m, T 〉.
Consequently, m ∈ TIM(V N(H)). Finally, if T ∈ UCB(Ĥ), then
〈R(m), T 〉 = 〈m, T 〉 = 〈m˜, u · T 〉 = 〈m˜, T 〉.
Hence, R is surjective.
Proposition 4.6. Let H be an ultraspherical hypergroup. Then the following
are equivalent.
(i) H is discrete.
(ii) UCB(Ĥ) = C∗λ(H).
(iii) There is a unique topologically invariant mean on UCB(Ĥ).
Proof. (i)⇒(ii). Assume that H is discrete. Then for each x˙ ∈ H , the char-
acteristic function 1x˙ is in A(H); see [14, Proposition 2.22]. Let T ∈ V N(H)
be fixed. Then for each v ∈ A(H), we get
〈1x˙ · T, v〉 = 〈T, v1x˙〉 = 〈T, v(x˙)1x˙〉 = v(x˙)〈T, 1x˙〉.
Hence, 1x˙ · T = 〈T, 1x˙〉λ(x˙) ∈ C
∗
λ(H). Let u ∈ A(H). Since A(H) ∩ Cc(H)
is dense in A(H), we can suppose that u has compact and hence finite
support. Thus, u is a finite linear combination of characteristic functions on
one point sets. Therefore, u · T ∈ C∗λ(H). It follows from Proposition 4.2
that UCB(Ĥ) = C∗λ(H).
(ii)⇒(iii). If UCB(Ĥ) = C∗λ(H), then UCB(Ĥ) ⊆ W (Ĥ) by Proposition
4.1. Let m,n be topologically invariant means on V N(H). Then m = n
when restricted to W (Ĥ) by Proposition 4.3(ii). Since UCB(Ĥ) ⊆ W (Ĥ),
we conclude that R(m) = R(n), and hence m = n by Lemma 4.5. Again
Lemma 4.5, implies that there is a unique topological invariant mean on
UCB(Ĥ).
(iii)⇒(i). This follows from Lemma 4.5 and [18, Theorem 1.7].
It is shown in [15, Theorem 3.15] that Bλ(H) is a Banach algebra under
pointwise multiplication. As shown in Proposition 4.3, C∗λ(H) is topologi-
cally introverted. In particular, C∗λ(H)
∗ = Bλ(H) is a Banach algebra with
the Arens Product. It is shown in [9, Proposition 5.3] that the Arens prod-
uct on Bλ(G) is precisely the pointwise product on it. Following we show
that the same is also true for an ultraspherical hypergroup H .
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Proposition 4.7. Let H be an ultraspherical hypergroup. Then the Arens
product and the pointwise multiplication on Bλ(H) coincide.
Proof. Let φ, ψ ∈ Bλ(H). Then for each f ∈ L
1(H), we have
〈φψ, λ(f)〉 = 〈φ, λ(ψf)〉 = 〈ψ, λ(φf)〉.
This shows that the pointwise multiplication on Bλ(H) is separately contin-
uous in the w∗-topology. Furthermore, for each ψ ∈ Bλ(H), the map φ 7→
φ⊙ψ from Bλ(H) into Bλ(H) is w
∗-w∗-continuous. Since C∗λ(H) ⊆W (Ĥ),
it follows from [3, Proposition 3.11] that the map φ 7→ ψ⊙φ is continuous in
the w∗-topology. Therefore, the Arens product also is separately continuous
in the weak∗-topology. Since the Arens product and the pointwise multipli-
cation on A(H) coincide and A(H) is w∗-dense in Bλ(H), we conclude that
φ⊙ ψ = φψ for all φ, ψ ∈ Bλ(H).
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